We discuss some aspects of the deformed W-algebras Wg^fe]-In particular, we derive an explicit formula for the Kac determinant, and discuss the center when t 2 is a primitive fc-th root of unity. The relation of the structure of Wg.tffl] to the representation ring of the quantum affine algebra U q (g), as discovered recently by Frenkel and Reshetikhin, is further elucidated in some examples.
Introduction
In recent years there has been a considerable interest in understanding the role of infinite dimensional quantum algebras in the theory of off-critical integrable models of statistical mechanics. In particular, it has become clear that the algebraic framework of those theories closely parallels that of their critical counterpart -the conformal field theories.
In this context the algebras of particular interest are the so-called deformed W-algebras W^ffl] associated to arbitrary simple finite dimensional Lie algebras g. They can be considered to be deformations of the W-algebras results generalize our results for g = 5I2 in [10] .
The paper is organized as follows: In Section 2 we first recall, following [16] , the definition of the deformed W-algebra W^ffl] and formulate a conjecture for the structure of its generators Ti(z). This conjecture (Assumption 2.4) has been verified in a number of cases, including g = SIN and all rank 2 simple Lie algebras. It is a slight refinement of Conjecture 1 in [16] and will be the starting point for the analysis in this paper. We also prove some simple corollaries of this conjecture which will be needed in the discussion of the main results of this paper. In Section 3 we provide further evidence for the conjectured structure of the W^ffl] generators by explicitly working out the centralizer of the screening operators in the case of g = s^.
We also formulate an algorithm to obtain generators of W^tfe] by 'pasting' of the various 5I2 directions, and further elucidate the connection of those results to the representation theory of quantum affine algebras. In Section 4 we prove a formula for the Kac determinant of W^ffl] and in Section 5 we discuss the center of Wqjla] for t 2 a primitive k-th root of unity. In an ^or a review of W-algebras Wfo] see, e.g., [1] and the references therein.
appendix we illustrate several of the issues raised above in the case of the deformed algebras Wg,t [fl] where g is a simple finite dimensional Lie algebra of rank 2. In particular, we give explicit formulae for all the generators Ti(z) and their commutation relations.
Deformed W-Algebras
In this section we review the construction of the deformed algebra VV^ffl], where g is an arbitrary simple Lie algebra of rank £, and q,t £ C are deformation parameters. The first part of this section closely follows [16] , which the reader should consult for further details.
Definition 2.1 ([16]). The deformed Heisenberg algebra T-Lgjle]
is the associative algebra with the (root type) generators ai 
(q,t) = D(q,t)C(q,t) and 2

Cyfat) = (q^t-' + q-^Sij-ilij}^ (2.2)
DijM = N^ij, (2.3) are, respectively, deformations of the Cartan matrix C = (Cy) and the diagonal matrix D = diag(ri,... , r n ) of g.
We recall that lij -28ij -C^ is the incidence matrix of 5, while the relatively prime integers ri are given in terms of lengths of canonically normalized simple roots by r* = r v (a z -,ai)/2, where r v is the dual tier number of g, i.e., the maximal number of edges connecting two vertices of the Dynkin diagram. In particular, when g is simply laced, we have r v = 1, r* = 1, and where M(q,t) = D(q,t)C(q,t)~l. An explicit formula for the matrices M(g, t) for Lie algebras of classical type can be found in Appendix C of [16] .
In the following we will use the generating series where /? is given by t = qP and B^ = 5^(1,1). Now, the screening currents, S^z), are defined as the generating series
14) [12, 13] and, partially, when g is a Lie algebra of classical type [16] , where, in particular, the generator Ti(z) was constructed for all classical Lie algebras g. Additional results are known for the classical limit t -> 1, i.e. for the Poisson algebra W^ifg] (see, in particular, [2, 16, 18] ). In Appendix A we give a complete result when g is one of the rank 2 simple Lie algebras.
To elucidate the structure of those generators, let us first consider the case g = SIN> In the remaining cases the structure of the generators of W 9 ,t[fl] can be motivated by the explicit examples, various limiting cases (such as the conformal limit q -> 1, (3 = const) in which the algebra is known, and, most interestingly, a natural interpretation of formulae like (2.18) as characters of finite dimensional irreducible representations of the quantum affine algebra Uqis), where g is the affine Lie algebra corresponding to g. A conjecture was first formulated in [16] ; in order to prove the main results of this paper we will need a slightly sharper version of that conjecture. Henceforth, we will assume that the following holds: Remark. For V(wi) the set of weights is the same as for the irreducible 5 module of highest weight wi. However, in general, this set is bigger, except for six (see, e.g., [20] for background material on quantum affine algebras).
Assumption 2.4. The algebra Wq t t[g] is generated by the Fourier modes Tilm] of the fields T^z
Again, we emphasize that Assumption 2.4 holds in all known cases including, in particular, g = slpj [12, 13, 16] and all rank 2 simple Lie algebras 0 (Appendix A). In Section 3 we will generalize it to arbitrary finite dimensional irreducible U Q (g) modules V. [12, 13] for the case of SIN and Appendix A for the rank 2 simple Lie algebras). The Verma module, M(/i), of W g ,t[0] is defined as usual [12, 13] . It is generated from the highest weight state, |/i), satisfying Tj For future use, also note that
where 
Our aim is to find certain combinations of vertex operators such that, by using the difference relations (3.3), the commutator with the screening currents S^(w) and S^(w) can be written as total q 2ri -and £ 2 -differences, respectively. We recall the definition of a total a-difference X> a , For our purposes it will be sufficient to consider the case
We first consider the case when the z^ are in generic position, i.e., ^ ^ ^zt z for all pairs (z, j), and take the non-generic limit of the resulting expressions at a later stage. Let us introduce e-e- where e = ^F for e = ±. 
Proof. Consider the expression (3.16), where we normalize 7(_{__4.) = 1. for all choices of i and €j ,j ^ i. The solution of (3.24) is given by (3.17). 4 The analysis for the other screening current S + (w) proceeds similarly. The properties (3.18) -(3.20) trivially follow from (3.14) and (3.15). To prove (3.21), consider both sides as a (bounded) meromorphic function of one variable, say zi. Such a function is uniquely determined by the residues at its poles and its value at infinity. Using the third relation in (3.15) it is easy to check that the residues of both sides indeed agree. Finally, (3.22) follows straightforwardly from (3.19) . (
ii) There exists a pair (i^j) such that ^ = t. This case is similar to case (i) due to the symmetry (g, t) -> (£, q).
(iii) There exists a pair (i,j) such that fy = 1. In this case 77^ (g,t) and are singular. However, the residue at this singularity vanishes, so the expression (3.16) makes perfect sense provided we interpret the right hand side as the limit of the generic expression in which we let f ^ -> 1. Note that, by doing so, the ^(ei...€ m )( z ) terms are no longer of the form (3.9), but contain derivative terms. which can easily be verified explicitly from (3.27). The foregoing construction of the operators T( aj b) (2) is intimately related to the structure of the representation ring of the quantum affine algebra Uqfek). Before formulating a more precise conjecture, let us discuss the extension of the above results to arbitrary simple g. Suppose we start with the operator ) to an element in the commutant of S^-in general has more terms than the dimension of L(A). In fact, the conjecture (cf. [16] ) is that the number of terms and their weights are the same as the dimension and the weights of an irreducible finite dimensional representation V of the quantum affine algebra U q ($), which decomposes under U q {Q) as V = L(A) © ..., where the dots stands for 'smaller' representations. An example of this, which is worked out in detail in Appendix A.3, is the generator corresponding to the 14 of Uq(G2), to which an additional singlet term has to be added, in accordance with the minimal affinization of the 14. This conjecture has been verified in all cases where the generators Ty(z) are explicitly known. Obviously, when V is one of the fundamental representations it coincides with Assumption 2.4.
The main point here is that the algorithm should hold for other than the fundamental representations as well [16, 21, 22] . This leads to a generalization of Assumption 2.4, which will be formulated after we recall some basic facts from the representation theory of quantum affine algebras (see, e.g., [20] and references therein).
Let Rep (U q (g)) denote the ring of finite dimensional representations of U q (g). It is well-known that there is a 1-1 correspondence between the irreducibles V G Rep ([/^(g)) and monic polynomials Piy(u), i = 1,. For sla the validity of this conjecture, which is also implicit in [19] , follows from the observation that (cf. and comparison to the explicit tensor product structure of U q ($l2) [26] . In Appendix A we will see examples for the simple Lie algebras g of rank 2.
Remark. For V and W in generic position the Uq(g) module V ® W will be irreducible. In that case we can simply take a = b -0, £ = 1 and ^vlW^) = fvw(x), (3.36) where /yiy(^) is determined by
For V (g) W reducible, and (7 C V ® W the subquotient with highest weight given by the highest weight of V 0 W, the choice (3.36) suffices as well. The other subquotients can be projected out by using the singularity structure of (r^-^)~1 in the case of gt~1-strings (see case (iv) in the sfe case).
The structure of the commutant for 5I2 suggests (see, in particular, (3.9)) the definition of a 'deformed Weyl group action' as follows. Define, for each i = 1, . or, equivalently,
In particular, the screening operators Sf 1 are invariant under a; a^, up to a multiplicative factor, and therefore uj a j is well-defined on W^tfl]-Lemma 4.
The action of uj a^ on the generators Ti(z) ofW qi t[Q] is given by
Proof. Note that the action of u a^ on Ti{z) in (2.21) is obtained by composing the transformation 79 of (2.26) with the transformation z -> q a t b /z. The lemma follows by using Theorem 2.6 and then applying the transformation
In the following we will set a = -r v h v and b = h, and denote the corresponding anti-involution by u. Obviously, we then have u)(Ti(z)) = T^(l/z).
The anti-involution w induces a unique contravariant bilinear form 
where pe(m) is the number of multi-partitions of m and C n is a constant independent of q and t.
We give an explicit formula for detC(g, t) and det.D(g, t) for all simple Lie algebras g, from which detM(g, t) follows. 
At. det C = {p i+l -p-^/ip-p-1 )
For g simply-laced the expressions above follow from the lemma below, the expressions for Bt and Ci were given in [16] . The remaining cases were computed by brute force.
Lemma 4.3. The eigenvalues Xi{q^t) of Cij(q,t) for Q simply-laced are given by
Ai(g,t) = (p + p-1 ) + 2co S (^i) , Proof. The proof is a generalization of the proof in [10] for g = a^ to which we refer for more details. First we observe that the determinant G( n \q, t; q 11 ) can be factorized as in (4.13) by using the norm preserving homomorphism [13] , where it was also shown that in this case the result could be expressed in terms of Macdonald polynomials. The construction for general g is a straightforward generalization (cf. [1] in the conformal case). Due to the non-degenerate pairing between F(/i) and F{ji) (for generic values of (q^t'^q 11 )) there must exist a vector in the cokernel of the map i : M(/i(/i)) ->• F(IJL) at level rs, i.e., by using (4.18), we conclude that n( n )(g, t; q 11 ) has vanishing lines Ga-S '(q, t; q^) for all z = 1,... , I, and rs > n. Using the Weyl group invariance (4.9), one then proves that Tl( n \q, t\q^) is given by (4.14) up to a Laurent polynomial C n in 9, t and q 11 . To prove that C n is actually a constant it suffices to compute the leading order term in 11^ (g,*;^) (the (partial) ordering is given by q» y q»' iff M -pi e Z> 0 . A + ). We find (cf. [10] for more details) (n-rs) .
- This can indeed be verified from the explicit expression (4.14) of this determinant.
The Center of Wg,t[fl] at Roots of Unity
In this section we consider the limit of W^g] when t 2 is a primitive kth root of unity, t 2 -> v^I, and q 2 is generic, i.e., we have t 2k = 1 and t 2 -7 ^ 1 for all j = 1,,..., k -1, while q 2j ^ 1 for all j ^ 0. We will restrict our discussion mainly to the simplest case Q = sljsr-Note that, because of the duality VV^fl] -VVt, 9 [fl], which holds when g is simply laced, it does not matter with respect to which deformation parameter the limit is taken. For g non-simply laced the situation is different as the deformation is not symmetric under the interchange of q and t. (In fact, the duality above is then replaced by a more complicated relation [16] .) It follows from the definitions in Section 2 that the dependence of )%,t [0] on ^5 unlike that on g, is in some sense universal for all g. This allows an extension of the construction to the general case, which is then verified on examples for rank 2 algebras using the explicit realizations from Appendix A.
The definition of W 9j j[g], in the limit t 2 -> x/I, presents a subtlety in that the oscillators (2.17) and thus the screening currents (2.15) are not well defined in this limit. Note, however, that the divergent factor in the definition of the oscillators (2.17) cancels out in the commutators between the screening operators 5 Z~ and the fields in H 9j t[g]. Thus the problem of computing W 9) t [fl] as a commutant defined through those equations is well posed, also in the limit, and will simply lead to an algebra W^fg] with generators Ti(z), as in Assumption 2.4, specialized from the generic case to It is an obvious observation that, as follows from (2.1) and (2.7), in the limit t 2 ->yr (or q 2 -±Yl) the algebra ?^9 j t[fl] has a large center generated by the oscillators ai[m] (equivalently, j/ifra]), with m = Omodfc. In turn, this implies that there should be a corresponding center of W^fg] and our goal is to verify that by constructing this center explicitly in terms of the generators Ti(z).
The existence of this center may also be inferred from the formula for the Kac determinant of W gj i[g] in (4.15). Namely, the determinant, G^n\ contains a factor Hr^ ~~ ( f r )^r ~ t~r)i an d thus vanishes for either t 2 or q 2 a root of unity and n sufficiently large. Thus, for those values of the deformation parameters, the Verma module should have additional singular vectors that are independent of the highest weight. Indeed, it follows from the nonvanishing of (4.14) for a generic q and /i, that the Verma module, M(/i(/i)), is isomorphic with the Fock module, F(/x). Obviously, the latter has infinitely many singular vectors corresponding to the center of T/^ttfl], which in turn give rise to singular vectors in the Verma module independent of the highest weight. To make this discussion more explicit let us now consider the case g = 5IN-The generators of W^tfl] are given in Theorem 2.3. Note that if we recast (2.18) as in (2.21), all the coefficients c^*(g,£) are equal to one and
The (nondegenerate) weight A G P{V(oJi)) in (5.1) corresponds to the sequence (Zi,... , /$), li < ... < li, such that A = J^ • e^. where e*, i = 1,... , JV, is an overcomplete basis in terms of which the simple roots of SIN are given as a* = €i -ej+i. In particular, (1,2,... , i) is the sequence for c^, in accordance with
For A € P(V(u>i)) and A' € P(7(a;j)), define /^(x) by
yf (z)l^ («,) = ^ A" 1 : 1^ W^ M = • (5-3)
Setting A = A' = WJ, we obtain /i* w .(x) = /«(a;), which is given in (2.32).
Then an arbitrary /^(x) can be computed using [12] : For our purposes it will suffice to consider only weights in the same representation, i.e., we take A, A' G P(V(ui)) corresponding to sequences A = (Ji,... ,li) and \' = (l[,... , /?), respectively.
An immediate consequence of (5.5) is that f\x(x) does not depend on a particular choice of the weight,
/£(*) = /SUM = /MM-(5-7)
For A ^ A', we can use (5.5) to compute the additional factor that arises from the points at which (/i,... , /;) and (l f v ... , ^) are different. Hence we write
where
o=l and si a j> c {x) is the contribution due to the ordering of l a with respect to Zi,... ,f We find (cf. [12] )
«.*■■««-(s(Vm) for ^.^^^ (5 ' 10) where the (in)equality is satisfied for some 1 <6<mor-a <m <i -a + 1.
The center can be constructed in terms of the generators Ti(z) by generalizing the corresponding result for 5I2 in [10] . It follows from the explicit expressions (2.8), (2.9) and (2.19), that for t 2 = \/l all terms in the sum on the right hand side of (5.12) have an expansion in terms of the oscillators a^nfc], n E Z. Thus, at least formally, (5.12) is in the center of W^ [fl] . □
If one tries to expand the right hand side of (5.11) in terms of the modes Ti [n] , the resulting series is divergent. It is however well defined when acting on the vacuum of a Verma module. We then obtain a series of singular vectors that are manifestly independent of the highest weight. We refer the reader to [10] for explicit formulae for the low lying singular vectors in the 5I2 case.
Here let us consider as an example the case of 5(3 with k = 2, i.e., t 2 --1. For a generic q and h we find the following pairs of singular vectors at levels 2m, m > 1: and m A is the monomial symmetric function [27] . We can make these formulae even more explicit for m = 1 where we find
The above discussion has a simple generalization to arbitrary VV^[g]. The last assertion in the conjecture is obvious, provided we prove the expansion (5.17). We have verified Conjecture 5.2 in all cases where the generators Ti(z) are known explicitly.
As remarked before, for simply laced g, the center for q 2 a primitive fc-th root of unity (and t generic) follows from Conjecture 5.2 by using the duality invariance (g, t) -> (£, q). For non-simply laced, the situation q 2 =^/l is more complicated. In particular, the generating series of central elements will in general not be homogeneous of fixed order in the generators Ti(z), due to a different rescaling q -> q ri in the various 5I2 directions. We will leave this case for further investigation.
Appendix: Examples -the W 9 ,t[fl] Algebras of Rank 2
In this appendix we illustrate some of the ideas of the paper in the case of the deformed W-algebras W 9j t[fl] corresponding to the rank 2 simple Lie algebras A2, B2 and G2. We provide explicit expressions for the generators and their relations and illuminate the connection to the representation theory of the quantum affine algebra U q (g).
To simplify the notation, let us define
Also, we recall that the function fx\t{ 
A.i yv q ,t[sh]
The case g = A2 = sis has been discussed in detail in [12, 13] . For completeness we give a brief review. We adopt the following conventions. In terms of an overcomplete basis of E 2 given by vectors {€1,62,63}, satisfying In this appendix we compute explicit expressions for the generators and relations of the deformed W^j^] algebra. The classical limit t -4 1, i.e., W^ifi^L has been discussed already in [2, 16] .
We adopt the following conventions. In terms of an orthonormal basis {ei, 62} of M 2 , the simple roots and fundamental weights of B2 are given by ai = ei -62, ^2 = ^2, ^2 = 5(61 +62).
(A.14)
We have (n,^) = (2,1) and r v = 2, h = 4, h v = 3. The weights of the B2 irreducible representations L(ui) = 5 and L^) = 4 are given by {±61, ±62,0} and {^(iei ±62)}, respectively.
The deformed Cartan matix is given by Note that again we find perfect agreement with both Theorems 2.5 and 2.6. The construction of the generator T2(z) illustrates two important features. First, the 5I2 string built on, e.g., Y^2 (z), requires 4 terms as compared to the 3-dimensional U q ($l2) representation which occurs at this point in the 14 of U q (G2)-This illustrates the necessity for extending the 14 by a 1. Secondly, the 5^2 strings built on Y£*(z) and Yg£(z) intersect at the point 
